THE CORONA THEOREM

JAN HORNIK — SEMINAR NOTES

We will denote the space of all complex-valued, bounded, analytic functions on the
complex unit disk D as H*. Equipped with the supremum norm || - ||« this space
becomes a commutative Banach algebra. The space of all multiplicative, bounded, linear
functionals on H* not identically zero is denoted A(H°) and is called the Gelfand space
of H*. We endow this space with the subspace topology of the weak-* topology on the
topological dual (H*°)’, which we will refer to as the Gelfand topology. For each z € D

we consider the point-evaluation functional
7w, H® — C, f— f(2).

This is clearly linear, multiplicative and bounded and therefore belongs to A(H>). The
set of all such functionals 7,z € D will be denoted as Ag. The corona is defined as
the complement of the closure of Ay in the Gelfand topology. The corona theorem now

states:

Theorem 1 (L. Carleson). The corona is empty. In other words, Ag is dense in A(H>).

There is an equivalent version of the theorem, as given by the following proposition:

Proposition 2. A is dense in A(H°) if and only if for any 6 > 0 and f1,..., f, € H®
such that 377, [fj(2)| > 6,2 €D, there exist g1,...g, € H> such that 37, f;g; = 1.

Proof. Assume Ay is dense in A(H*) and let fi,...,f, € H*®, and § > 0 such that
> i=11fi(2)] = 6,2 € D. Denote by I the ideal in H> generated by fi,..., fn. If 1 € I,
then the assertion is established. Assume towards a contradiction that I is a proper
ideal, then there exists a maximal ideal J D I. Since A(H®°) is a commutative Banach
algebra, there exists a ¢ € A(H™) such that J = ker ¢. Therefore we have ¢(f;) = 0 for
j=1,...,n. Since Ag is dense, there is a net (7., )mer in A such that 7, — ¢ in
the weak-* topology, that is the net converges pointwise. Therefore, for all j =1,...,n
we have fj(zm) = 7., (f;) = ¢(f;) = 0 and in particular

n

T}}&Z} |f](zm)| =0,
j:

a contradiction.

For the other implication, assume towards a contradiction that A is not dense in A(H ).
Then there exists some ¢g € A(H*) and an open neighbourhood U of ¢y such that
Ao NU = 0. Since the sets of the form

({¢ € AHE®): (¢ = ¢o)(f))] < e},

J=1



for some n € N, f1,...,fn € H* and € > 0, form a neighbourhood basis of ¢y in
the weak-* topology, there exists a neighbourhood V' C U described by some n €
N, f1,..., fn € H*® and § > 0. Define f] = fj — ¢o(fj), for j = 1,...,n, then clearly
d)o(fj) = 0. Since AgNV = (), for any z € D we have 7, ¢ V and therefore there exists
some jo € {1,...,n} such that,

5 < 12 = 60) (fio)| = 1fio(2) = do(fio)| = | fo(2)]-

Since f] € H® for j=1,...,n, and 2?21 ]f](z)\ > 4, there exist g1,..., g9, € H*® such
that >0, fjgj = 1. But this yields

L=go(1) =0 | > Figi | =D do(fi)o(g;) =0,
j=1

Jj=1

a contradiction. O

1 First Steps

Over the following sections we will prove a stronger version of the right-hand statement

in Proposition [2}

Theorem 3. There exist constants C), 5 only depending on n € N and § > 0, such that
if f1,... fn € Hol(D) with

n
Ifilloo <1, G=1,...;n, and > [f;(2)]* >4, z€D,
j=1
then there exist g1, ..., g, € Hol(D) with
n
ngHOOSCH,57 j:1,...,n, and ijgjzl'

j=1

Proof. We will give the proof in multiple steps. First, for a closed set A C C and a space

of functions on an open sets 2 D A, say D(2), we define

D(A) = U T(D(Q)), where T(f):=f|,-
QDA open

We will make use of this to handle smooth or holomorphic functions on closed sets.

Step 1 (Reduction to f1,..., f, € Hol(D)): Assume that the statement of the theorem
holds for all fl, . ,}"; € Hol(D), we claim that it then also holds in its original for
For our given f1,..., f, satisfying the premise of the theorem and all 0 < s < 1 we

!Note that this does not mean that we can assume fi,..., fn € Hol(D) in the previous proposition.



define fjs(2) == fj(sz),7 = 1,...,n. Then for every 0 < s < 1 the functions f;

are in Hol(D) and satisfy the premise of the theorem. By our assumption there exist
gjs € H*, j =1,...,n such that

n
||gj,5||00 < Cn,&a ] = 17"'7”, and ij,sgj,s =1
j=1
For a fixed j € {1,...,n}, the set {g;s:0 < s < 1} is uniformly bounded and therefore
normal in Hol(D). Choose a sequence of numbers 0 < s,, < 1, such that s, — 1.
Using Montel’s Theorem and passing to a subsequence n times, we obtain that for any

j €{1,...,n} there exists a g; € Hol(D) such that g;, — g; compactly. In particular,

we obtain
lgilloc = Hm ||gjsmlloc < Cns, for j=1,...,n,
m—0o0
and
n n
L= 1im > fisudisn = > fi
j=1 j=1
concluding our claim. We may thus assume that our given fi,..., f,, are holomorphic

on D instead.
Step 2 (Solve in C®°(D)): For j =1,...,n we define
fi _

hj : € COO(D),

IR

then clearly 327, fih; = 1 and |[hjllec < 5. The real task now lies in changing the
hj to become holomorphic in I, without losing control over the boundedness of the

solutions.

2 Wirtinger Derivatives

Before we continue we want to briefly introduce a useful generalization of the complex

derivative.

Definition 4. Let @ C R? be open. Then the Wirtinger derivatives (or Wirtinger
operators) are defined on C'(Q) by

9 _1(0 0\ 0 _1(0 9
0z 2\ox oy)’ 0z 2\ox  oy)’
We will also abbreviate these operators as @ and 0, respectively.

Note that by writing a complex number z € C as z = z+1iy with x,y € R we can identify
C =2 R2. Therefore we can also interpret the Wirtinger operators to act on C*() with

an open subset 2 C C.



Before listing properties of the Wirtinger operators we quickly want to recall that a
function f € CY(Q), f = u + iv is holomorphic if and only if it satisfies the Cauchy-

Riemann equations:

ou_ov | ou_
or Oy’ oy Oz’

Remark 5. Let Q2 C C be open and f € C*(Q).

1. The Wirtinger operators are C-linear, satisfy the Leibniz ruleﬂ the chain rule

of dg  (Of 9g

(f 9) = (82 g) 0z + (82 ) oz

of 99  (9f dg

(f 9) = <8z g) 55 + <az og) PRI

where g € C1(Q),g(Q) C Q, and are compatible with complex conjugation, as in

7y _oi (o) _of
0z) 0z’ 0z) 0z

2. If f € Hol(?), f = u + iv, then

of _1(98_ 01y L (0u, o0 o o0y 0w w0
0z 2\ 0z 8y dr Ox Oy Oy) 9oxr Ox Odxr
3. Since
af af f ou dv  Ou Ov\
BE <8m+ ay> (8:1:+ or oy 8y> -

1
2
1 /0u v i (Ov Ou
2<ax‘ay>+z<aﬁay>’

we have tha f € Hol(Q) if and only if df = 0.
4. On C?(Q), the Laplace operator can be represented as

AL DL (0 0N(0 0N _, 00
0x2 o2 \ oz ay ox Oy 020z

Proof (continued). Step 3 (The Koszul complex): We consider the spaces
Co:=C®(D), C;:=(Co)", Coi={Ac (Co)"":A=—-AT}

and the linear maps

n n n
Pro:Cr— Co, (97)=1 = Y _9ifis Pox:Ca—= O (gja)fhey = (Z gjkfk:> :
7j=1

j=1 k=1

2This means that the Wirtinger opeartors are derivatives from an algebraic perspective.
3This can be interpreted as “f is independant of 7.
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We also consider the operator 9 : Coy — Cp. It is well-defined, since if f; € C®(Qy), f2 €
C> () with f; = fo on D, then in particular f; = f> on D and therefore df; = dfs on
D. By continuity, we therefore also get df; = 0f2 on D.

Applying 0 pointwise in C; and Cy as well, the resulting connections are visualized in

the diagram below, called the Koszul complex:

Cy Pay c P Co
R
(s & Cy

P q Py

Lemma 6. The Koszul complex has the following properties:
1. The diagram is commutative, that is we have Pji1 ;0 = OPj41; for j =0, 1.
2. The horizontal sequences are exact, that is ran P 1 = ker P .

3. The vertical maps 0 : C; — Cj for j = 0,1, 2 are surjective.

Proof.
1. For g € Cy and f € Hol(D) we have

0(gf) = fOg+gdf = fOg

and together with the linearity of 0 the statement follows.

2. “C7: Let g € C2,9 = (gjk)} g—1, then

ProPy19 = Pip (Z gjkfk>
k=1

since g is skew-symmetric and therefore g € ker P .

= Z Zgjkfkfj =0

j=1 j=1 k=1

“2" Let g € ker Pro € C1,9 = (g1,- -+, gn). We define p = (pji)};_; € Ca by

Dk - ;(Qjﬁ — gifj)-

OISl
/=1

Then for any j = 1,...,n we have

n

(Pa1p); = ijkfk = % Z(gj’fk|2 — gk fifk) =

k=1 Z |f£‘2 k=1
(=1



J R JR—
=gi— Y ofe=9i— ——FProg =

Mol A= > OIfel?
=1 =1
= gj,
and therefore P 1p =g and g € ran P 1.

. For given v € C*°(D) we want to solve the partial differential equation

0 _

8—; =v (onD)
for some u € C*°(D). We will approach this using a fundamental solution of the
differential operator 0. Recall that

1
I(z) = %log ||

is locally integrable, therefore can be seen as a distribution and is a fundamental
solution of the Laplace operator, that is we have AI' = gy distributionally, where
0o denotes the delta distribution at 0. We claim that % is a fundamental solution

of 0, and verify this, by regarding 0 as a distributional derivative operator, via

=1 =z — 1y

8*287 (a —1—23) 2+ 2_
1 y : r Y
5 — 10 ) 0 =
2[ x2+y ~’L‘$2+y2"H ya:2+y2+ ym2+y2}

2xy 2xy
2 2 _
03 log |2| + 0, log |2| + i <x2+y2 — x2+y2>] =

w\v—l
| — |

—_

fA log |z| = 527r(50 = 7dy.

Now let 2 D D be open such that v € C*°(Q) and choose ¢ € C>(£) such that
¢lg = 1. Then v € C°(92), therefore

utw) = (L vpv) )=+ [ ZE gy

= ™ w—z

is a classical solution of du = wv in €. Since v = v on D, we get Ou = v on D, as

desired.

Arguing pointwise shows the surjectivity of the maps 0 : Cy — Cy for £ = 0, 1. For
¢ =2 and given b = (bjk)};_; € C2 we first solve

gajk:bjk, for 1<j<k<n

and then set aj; = 0 and a;; = —ag; forn > 7>k > 1.



Proof (continued). Step 4 (Apply to h = (h1,...,hy) € C1): In step 2 we constructed
an element h = (hq,...,h,) € C1 by setting

h; = 7']?] .

T Y [l

By our construction we have Pjgh = 1 and therefore 0 = 5P170h = PLogh, thus Oh €
ker P; 9. By Lemma |§| there exists b € Cy such that P 1b = Oh and a € C5 such that
da =b. We now set g == h — P 1a € C1. Then

Piog = Pioh— PgP1a=1

and
gg = gh — 5P2’1a = gh — P271b =0.

Therefore g is a solution to
n
> frgr =1
k=1

in Hol(D). However, we do not have an estimate on |g;| yet.

3 Hardy Spaces

Let p denote the Lebesgue measure on T = {z € C : |z| = 1}, i.e. the measure such that
for a measurable function f: T — C it holds that

[ran= [ sy,

We define the LP(T)-norms via the normed Lebesgue measure 5-u:

1 1/p
I fllp = (%/T\f]pd,u) , for1<p<oo, and | f]eo :=ess.supl|fl|
For f € L'(T) and n € N we define the n-th Fourier coefficient by
R 1 o
f) = o [ 1€ (o)
T Jr

For 1 < p < oo we define the Hardy space HP as the set of all f € Hol(D) with || f||, < oo,

where

) 1 1/17
1£]l, = lim ( / Ifrl”du> for p < oo, and || f]lee = sup |f(2)]-
r—1 2 T z€D

Equivalently one can interchange the limit in the definition above with the supremum
over 0 < r < 1. It is of note that convergence in the Hardy spaces implies compact

convergence. We lastly define H] as the (closed) subspace of all f € HP, for which
F(0) =0,

We summarize the characterisation of Hardy spaces:
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Theorem 7. Let 1 < p < oo. Then:

1. H? is a Banach spacd]
2. For p < g < oo it holds that H? O HY.
3. Let f € HP, then for almost all £ € T the limit

lim £(ré) = £*(6)

exists and defines a function in LP(T), also called the boundary values of f. If
p < 00, we also have lim, 1 || f* — fr||, = 0, where f,.(§) == f(r§).

4. The map * : f — f* is an isometry from HP onto
LE(T) = {f € LP(T) : ¥n < 0: f(n) = 0},
which is a closed subspace of LP(T).

Proof (continued). Returning to our proof, recall that we want to obtain a bound on the

functions ||g;/ec, where

n

k=1

and aj; € C*(D) is a solution of the partial differential equation

-1
8y - 2 8hj = f)hk n
55 = (;\fd ool =520 ).
We want to show that the solution a;; can be chosen in a way, that the resulting functions

g; are bounded in the H*°-norm by a constant depending only on n and 4, that is

gjlloc < Chs.

Note that we only need g; € H*, not necessarily € Hol(D). Denote by w;j the right-
hand side of the partial differential equation above. We fix a solution 5vjk = u;, and

notice that if gajk = u,, is another solution bounded on D, then
Aajk — vjr) = dajy, — vk = 0,
that is the difference is bounded and holomorphic, thus in H*°. We can therefore write
ajr =vjr +p, p€EH™.

We can view a;j, as an element of L>°(T) by considering v;x|, € L*(T) and p* € (H*)* C
L*°(T). If we manage to bound

llajkll oo (ry = ess. sup |a;i(2)] < Ky s,
z€T

4In particular, H* is a Banach algebra, which we already used in the introduction.
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we immediately get

n

n
1
lgillmee < sl +> llajefillme < 5 T 2 Nagklloe | fillzree <
k=1 k=1

+ nKn,(Sa

7| =

resulting in the claim of the theorem.

Note that we can vary ||a;|| g () by choosing different functions p € H*°. We therefore
want to bound the quantity

inf o+

which is precisely the norm of vj; in the quotient space L>(T)/(H>)*. The following

lemma allows us to translate the minimization problem into a maximization problem.
Lemma 8. The map
0 LIS > ()Y S+ ) o [0 5 [ fod]
is an isometric isomorphism.
Proof. We have L>(T) =2 L!(T)’ isometrically via the duality
(19)= 5= [ fodu. fer=(m), ge'(m)

Since (H})* < LY(T) we therefore have ((Hg)*)" =2 L®°(T)/((H)*)* via

(9) = 5= [ fodu e IRO/H)Y g€ (H)"

It remains to show that ((H})*)* = (H>®)*. Let w* € ((H})*)* < L>(T), then for any
n € N we have

0= (w*, (")) = (w*,2") = w*(=n).
Therefore w* € LP(T) = (H*)*. For the other inclusion let w* € (H*)* and h* €
(H})*, then

(w*, h*) = 1 o w*(em)h*(ew) d?¥ = lim 1 /%w(rem)h(rew)iew dy =
Y S o121 iel
Cw L fw (O () _
= lim o T d¢ = limw,(0)h,(0) = 0,

where the second-to-last equation follows since w,h, € Hol(D) and the last one since
h(0) = 0. Therefore w* € ((H)*)*, concluding the proof. O

Proof (continued). Step 5 (Dualisation): We now abbreviate v;, as v. Applying the
above lemma to our previous situation we can re-describe the norm of v + (H>)* €
L>(T)/(H*™)* as

* * 1 *
|B(0+ (H®))| = sup [0+ (H®))(F) = sup |- / oF du'Z
Fe(Hb)* FeH} 14T JT
IF[<1 I Fll1<1



1 1
= sup lim/vFrdu‘ = sup '/de,u‘.
reny |"12m )1 FeHol@) |27 JT
I#1<1 F(0)=0,||F[1<1

We now want to bound this supremum, where, as before, v € C*(D).
Step 6: We want to redescribe the integral

1
— | vFdpy,
2w T

where v € C°(D) and F € Hol(D), F(0) =0, ||F|j; < 1. Let ¢ := vF and

1
o) = 5 loglsl, 2 £0.

For e > 0 let D, := D\ B.(0). By Green’s second identity we have

dy do Oy do
Ap—ohodN? = [ 022 — %% qu - 9% _ 9%
/o-so Ao Tgﬁr v, /835(0)087" gpar’H,

£

where % denotes the radial derivative and H! denotes the Hausdorff measure (or any

kind of surface measure for that matter). Simplifying results in

1 1 )
—/ goAad)\Qz/adu— 7 DO ogedul.
B 2 T 2 635(0) 9 67’

By the intermediate value theorem for integrals for any € > 0 there exists a (. € 9B.(0)
such that
1

272 Dm0 o] dH! =[o(¢o)] = [o(0)] = [v(0)F(0)] = 0.
Furthermore %‘ < M on D for some M > 0, thus

1

21 8B.(0)

do
—loge

dH' < Meloge — 0.
or

Finally,
Ao = A(vF) = 400(vF) = 40(vOF + FOv) = 49(Fu) = 4(Fou + uF").
With ¢ = —p = % log ﬁ, by letting € — 0 we thus obtain
1
/deu:4/w(F8u+uF')d)\2 =
2 T D
=4 (/ F OuvpdN\? + / uF’de) = 4(I; + ).
D D
Our goal is to show the existence of a constant K, 5 such that
1
‘/deu‘ <A+ |B]) < Kng.
2 T

10



To do this we want to describe I, I more explicitely. Recall that
n -1
= 7(fx0h; — f;Ohx), where T := <Z |fg|2> .
(=1

Since hy = 7f; we first calculate want to calculate 7. We first notice that with function

m(z) = z~! and any nonvanishing function a € C* we have by the chain rule
da~t =9d(moa)= (dmoa)da+ (dmoa)da =—a 2da,

and analogously a~! = —a~20a. Therefore

n

T=—7 Zg(feﬁ) == > _(fedfe+ fidfe) =

=
= -7 Zfefg L =72,
87:---:—7217.
We therefore obtain dhy = 70, + fedr = 7(f) — fern) and by that the representations
u=1(fx0hj — [;0hy) = T°(fufj = Jufymn = Fifi + Fifwrn) = (e ff = Fifp):
ou = POGF, ~ R + (RF,— Ffport = 22" (z fefé) G- B

(=1

Inserting back we obtain (since |f;| < 1 and |7| < §71)

L] = ‘—2/@)73 <Z fefifnf) — fzféfjfé) Fipd)?| <
s% ( / L P A + / \fekolde)

|Ia| = 72<fkf; — [iF)F v x| <

/ 2 / 2
<5 </|fF|wdA + [1nrwa).

It therefore suffices to bound the integrals

Ji ::/|f{f§F|¢dA2, Jo ::/ |f'F |1 dN?,
D D

where f, f1, f2, F' € Hol(D) and || f]|oo, || f1llcos || f2]l00, | Fl1 < 1. The issue is that a-priori

we do not have bounds on the derivatives.

11



4 Integral estimates

We will require the following lemma regarding the H'- and H?-norms:

Lemma 9. Let f € Hol(D), then there exist g1, go € Hol(D) such that
f=g0g2, and g1l = llg=ll3 = I /Il

The desired bounds are now contained in the following lemma:

Lemma 10. Let f,g,u,v € Hol(D), then the following integral estimates hold:

1
L. /!f’\2wdA2§4HfH§
D

(\V)

| /D oo dr? < | 12llgI%

w

: /]D)!fm/v’lwdA2 < 1 FN2llgll2lfullos [0l

4 /D Falo' [ N2 < oo 0lloc

t

1
| / 7 AN < 2 lgllalulo
D
6. /D Pl AN < (Il

Proof.

1. Applying Green’s formula on ff and 1 yields

off) 700 /aB ; wa(ff) F0Y

n r 2 __ _ i _ _ i 1
oA - £TA N = Lv2e -5 au S g,

and simplifying we obtain

- 1 loge o(ff) 1
A(ff)dr\? = — 2d Al 2 q/1
[ wapa = o JURE /335@ M M0

2m or  2me 9B (

Arguing as before, taking € — 0 we get

/D GAF) AN = £ [FO)
Since

A(ff) =400(ff) = 40(f - 0f + - 0f) =40(f - 0f) = 4(0f - 0f + [ - 00f) =
=4(0f DT + 1 -00)) =41 = 4lf'"

and |£(0)]? > 0 we obtain

1113

e e

/ PP da? <
D
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. We have f¢' = (fg) — f’g, therefore
1F9' 12 < (9| +11'9D)% < 21(f9)' >+ 1F'9*) < 2(1(F9)'I* + llglZlF'%)-
Integrating and using 1. yields

/ P dN? < 2 / (F9) P dA® + 2]g 1% / FRYdr? <
D

1

ﬂmm+4mww2§wnmﬁ

. Consider the positive measure v := 1) d\?. Invoking the Cauchy-Schwarz inequality

in L?(v) and using 2. we get
1/2 1/2
[ latipant < ( / |fu’|wdA2> ( / |gv’|wdA2) <
D D D
< || fll2lullosllgllz]| vl oo-

. By Lemma@we can write f = g1ge with g1, g2 € Hol(D) and H91H2 = HggH2 =7l
Using 3. we then obtain

/ﬁﬁL "l dN? = /ﬁmgﬂu)wdv

< [lgrll2llg2ll2llwlloollv]loo = [1f11ll2lloolv]loo-
. Using the Cauchy-Schwarz inequality in L?(v), as well as 1. and 2. we obtain
1/2 1/2
Lisgwiwar < ([irvwae) ([gma) <
D D D
1 1
< [ fllzllelio - 5llgllz = 51 12llgll2]lu]lo-

. We write f = g1g2 as in 4. and use 5. to obtain

/D |l dX? < / (1)l A2 < / (g goed | A2 + / bl N <

1 1
< Sllg2ll2llgrlizllullos + 5 llgrllzllg2lizlulicc = [lfl1lulloo- O

Proof (continued). Step 7 (Conclusion): Using Lemma [10} specifically points 4. and 6.,
we obtain |Ji| <1 and |J2| < 1 concluding the proof. O
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